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Abstract

Shortly before the Shelley hard-fork, changes were introduced in the
monetary expansion mechanism to ensure a greater share of rewards
for the pools. We have introduced a measure of the inefficiency of
pools in achieving full rewards and have shown that this results in
a compound contribution to treasury. We propose a mechanism to
separate this compound contribution from the calculation of rewards,
thus making the share of contributions to the treasury more predictable
and transparent.
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Definitions
We introduce the following quantities

• Tk = total supply in epoch k.

• ∆Tk = reserves in epoch k.

• Rk = pool rewards in epoch k.

• Fk = fees cumulated in epoch k.

• TRk = treasury in epoch k.

• ηk = network performance in epoch k.

Reserves and monetary expansion with the lat-
est changes
The basic formula for reserves dynamic from one epoch to the next is

∆Tk+1 = (1−min {ηk, 1} · ρ) ·∆Tk, (1)

where ρ is the money expansion rate, that’s currently set to 0,3%. However,
before the Shelley “hard-fork”, it was decided to give back to the reserves the
fraction of the pool rewards that should go to the treasury because of the
various inefficiencies. We recall that the pool rewards in the epoch k are
given by the formula

Rk = (1− τ) · (Fk + min {ηk, 1} · ρ ·∆Tk), (2)

where τ is the treasury taxation rate parameter, that’s currently set to 20%.
Let’s call ik the fraction of the pool rewards that goes back to the reserves,

0 ≤ ik ≤ 1. We can see ik as a global inefficiency estimator. This can be
disaggregated in several terms, e.g. a pledge part, unstaked ada part etc.
With this modified mechanism, the reserves dynamics changes to

∆Tk+1 = (1−min {ηk, 1} · ρ) ·∆Tk + ik ·Rk, (3)

so that

ik =
∆Tk+1 − (1−min {ηk, 1} · ρ) ·∆Tk

Rk

=
∆Tk+1 − (1−min {ηk, 1} · ρ) ·∆Tk
(1− τ) · (Fk + min {ηk, 1} · ρ ·∆Tk)

.

(4)
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Figure 1: How monetary expansion flow from reserves in epoch k to new
reserves in epoch k + 1 currently.

The formula 3 can also be written explicitly in terms of the reserves

∆Tk+1 = {1− [1− ik · (1− τ)] ·min {ηk, 1} · ρ} ·∆Tk + ik · (1− τ) · Fk.

Using the rewards splitting formula from [1] (page 37), we can express the
inefficiency as

ik ·Rk = Rk −
Nk∑
i=1

f̂(s
(k)
i , σ

(k)
i , p̄

(k)
i ) =⇒ ik = 1−

Nk∑
i=1

f̂(s
(k)
i , σ

(k)
i , p̄

(k)
i )

Rk

(5)

where Nk is the number of active pools in epoch k. In the next epoch we
have

Rk+1 = (1− τ) · (Fk+1 + min {ηk+1, 1} · ρ ·∆Tk+1)

= (1− τ) · [Fk+1 + min {ηk+1, 1} · ρ · (1−min {ηk, 1} · ρ) ·∆Tk + ik ·Rk],

where we used 3 in the last passage. Note that Rk is taxed again because of
the inefficiency of the previous epoch, so that inefficiency implies a compound
taxation (see fig. 1).
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Figure 2: (a) Asymptotic behaviour of the expected fraction of the reserves
that went to the treasury. From current data we have estimated i = 0, 61, so
that the actual share of the reward pot that goes to the treasury is around
40% (violet curve). (b) Effective half-life (τ1/2 = ln 2 · τ̂) of the reserves as a
function of the inefficiency i and network performance η. This is the time in
years necessary to halve the reserves. η = 0.956 was estimated from actual
network performance data (0, 956± 0, 035).

Treasury growth
The formula for treasury growth is straightforward

TRn+1 = TRn +
τ

1− τ
·Rn = TR0 +

τ

1− τ
·

n∑
k=0

Rk. (6)

The rewards terms Rk are unpredictable by design because of the unpre-
dictable nature of the fee part of the reward pot, moreover with the latest
changes in the rewards distribution there’s also an unpredictable term coming
from the inefficiency. However, we can neglect the fee part of the reward pot
as a first approximation because it’s currently negligible, given the current
usage of the network, so that the equation 6 can be written

TRn+1 = TR0 + τ ·
n∑
k=0

min {ηk, 1} · ρ ·∆Tk

For the purpose of making an analysis of future trends, we define ρ̃k =
[1 − ik · (1 − τ)] · ρ the effective monetary expansion rate and we assume
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ik ≈ i, η ≈ η < 1. This approximation implies ρ̃k ≈ ρ̃ = [1 − i · (1 − τ)] · ρ.
Now we can write the reserves at epoch n as

∆Tn = e−n/τ̂ ·∆T0, (7)

where we introduced the effective time constant

τ̂(η, i, τ) = −{log [1− ρ̃(i, τ) · η]}−1,

that should not be confused with the treasury rate growth τ . Moreover given
the equation 7 and the above approximations, we can write an explicit for-
mula for the treasury at epoch n

TRn = TR0 + τ · η · ρ ·
n−1∑
k=0

e−k/τ̂ ·∆T0 = TR0 +
τ · (1− e−n/τ̂ )
1− i · (1− τ)

·∆T0 (8)

from which we can calculate the expected fraction of the reserves that went
to the treasury at epoch n (see fig. 2 (a))

TRn − TR0

∆T0
=
τ · (1− e−n/τ̂ )
1− i · (1− τ)

.

However, it should be noted that inefficiencies lengthen the effective time
constant of monetary expansion, thus giving the network more time to reach
better performance (see fig. 2 (b)).
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Figure 3: How monetary expansion flow from reserves in epoch k to new
reserves in epoch k + 1 with CIP mechanism.

CIP: Treasury fraction on actual distributed re-
wards
In order to make more transparent the flow of the excess expansion that
goes back to the reserves, we proposed a CIP in which the reserves con-
tribution from inefficiency is decoupled from the treasury (see fig. 3). In
this new scheme, inefficiency is calculated directly on the rewards pot, be-
fore the taxation of the treasury occurs. We name the reward pot RP =
F + min {η, 1} · ρ ·∆T and the reward splitting formula changes to

f(s, σ)
.
=

RP

1 + a0
·

σ′ + s′ · a0 ·
σ′ − s′ · z0 − σ

′

z0
z0

 (9)

so that the inefficiency calculation is changed to

ik ·RPk = RPk −
Nk∑
i=1

f̂(s
(k)
i , σ

(k)
i , p̄

(k)
i ) =⇒ ik = 1−

Nk∑
i=1

f̂(s
(k)
i , σ

(k)
i , p̄

(k)
i )

RPk
.

(10)
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The actual pool rewards are now calculated after the inefficiency calculation,
so that the total pool reward share changes to

Rk = (1− τ) · (1− ik) · (Fk + min {ηk, 1} · ρ ·∆Tk). (11)

The treasury mechanism is changed accordingly to

TRn+1 = TRn + τ · (1− in) · (Fn + min {ηn, 1} · ρ ·∆Tn)

= TR0 + τ ·
n∑
k=0

(1− ik) · (Fk + min {ηk, 1} · ρ ·∆Tk),
(12)

which now includes only a contribute from the actually allocated part of the
reward pot. The unallocated part of the reward pot goes back to the reserves

∆Tk+1 = [1− (1− ik) ·min {ηk, 1} · ρ] ·∆Tk + ik · Fk. (13)

In order to simplify the analytical study of this mechanism, we employ the
same assumptions as in the previous sections: ∀k : Fk = 0, ηk = η < 1 and
ik = i. The expected fraction of the reserves that went to the treasury at
epoch n is now given by (see fig. 4 (a))

TRn − TR0

∆T0
= τ · (1− e−n/τ̂ ) (14)

where we introduced the new effective time constant (see fig. 4 (b))

τ̂(η, i, τ) = −{log [1− (1− i) · η · ρ]}−1. (15)

With this new scheme the reserves allocated to the treasury are fixed for a
given value of τ . Moreover, with this scheme the inefficiency affects more
heavily the effective halving time, thus giving more time to the ecosystem to
stabilize towards more efficiency.
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Figure 4: (a) Asymptotic behaviour of the expected fraction of the re-
serves that went to the treasury with CIP mechanism. (b) Effective half-life
(τ1/2 = ln 2 · τ̂) of the reserves as a function of the inefficiency i and network
performance η with CIP mechanism. This is the time in years necessary to
halve the reserves. η = 0.956 was estimated from actual network perfor-
mance data (0, 956± 0, 035). The half-life diverges for i = 1, so the abscissa
is cut close to i = 0, 8 for a better comparison with figure 2 (b). η = 0.956
was estimated from actual network performance data (0, 956± 0, 035).
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